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Given the primordial role that water plays in life and our
everyday lives, the development of high quality interaction
potentials for this ubiquitous material is of great interest.
Such models can be obtained “on the fly,” as in Carr–
Parrinello simulations,1 or by fitting the results of high level
ab initio calculations for clusters to an analytical expression.2
Another route is to use an empirical potential whose param-
eters are fine tuned so as to reproduce experimental
properties.3 Once the potential energy surface PES is
known computer simulations can be performed using either
classical or quantum statistical mechanics to describe the
probability density distribution of the molecules on this PES.
Evidence that nuclear quantum effects in water are important
is steadily growing.4–8 If the PES is obtained from first prin-
ciples calculations then, since one is obtaining the true PES
although in an approximate manner, it is clear that quantum
statistical mechanics should be used to describe the motion
of the nuclei. In the case of empirical potentials one can use
either classical or quantum statistical mechanics, depending
on whether the potential parameters were obtained to repro-
duce experimental properties of water within classical or
quantum simulations, respectively. Recently we have pro-
posed two empirical potentials: the TIP4P/2005 Ref. 9 to
be used in classical simulations and TIP4PQ/200510,11 to be
used in path-integral PI simulations. Both of these models
are rigid and nonpolarizable.
In this note we shall focus on the heat capacity Cp at
constant pressure along the p=1 bar isobar for the two
aforementioned models. For the TIP4P/2005 model the val-
ues of Cp obtained from classical simulations for ice Ih and
water have been reported previously.12,13 For TIP4PQ/2005
we shall calculate Cp using the simulation results for the
enthalpy taken from our recent work on the ice phases10 and
water.11 These were obtained from PI simulations of water
ice using 300 432 molecules and isotropic anisotropic
NpT ensemble simulations. The Lennard-Jones part of the
potential was truncated at 8.5 Å, adding long range correc-
tions to both the energy and pressure, and using Ewald sums.
The rigid-body rotational propagator was taken from the
work of Müser and Berne.14 For the fluid phase we used
P=7 replicas, and for ice Ih the number of replicas was se-
lected such that PT1500 K. The heat capacity is obtained
as the first derivative of the enthalpy with respect to the
temperature at constant pressure. The enthalpies of the fluid
phase for seven temperatures11 have been fitted variously to
either a second or third order polynomial. For ice Ih the
enthalpies at T=77, 100, 125, 150, 200, 250, and 273 K
have been fitted to the expression H=a+bT2+cT3. This ex-
pression satisfies the third law of thermodynamics and pro-
vided an excellent description of the experimental
enthalpies15 of ice Ih up to the melting temperature.
In Fig. 1 the experimental15 and TIP4PQ/2005 PI results
for the heat capacity of ice Ih and water are presented. By
including nuclear quantum effects it is, for the first time,
possible to describe the Cp of ice Ih and liquid water over a
broad range of temperatures. On the other hand, results from
classical simulations of TIP4P/2005 fail in describing Cp for
all temperatures considered in this work. Although the failure
of the classical treatment at low T was expected such a
treatment does not satisfy the third law so Cp is not zero at
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FIG. 1. Heat capacity Cp at p=1 bar for water and ice Ih as obtained from
PI simulations of TIP4PQ/2005 solid line and from classical simulations of
TIP4P/2005 dashed line. Experimental results ; water: Ref. 20, Ih: Ref.
15. Upper graph: fluid phase. Classical simulation results at room tempera-
ture for TIP4P-Ew , SPC/E , TIP4P +, and TIP3P   are also
shown. Lower graph: results for ice Ih.
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0 K it was not obvious whether it should also fail at room
temperature for instance, with regard to density the third
law only influences predictions below 125 K; the TIP4P/
2005 model results are rather good for densities from 150 K
all the way up to the critical temperature. It is clear from the
results presented in Fig. 1 that there is no temperature at
which the classical description of Cp provided by TIP4P/
2005 is quantitatively correct although predictions are cer-
tainly better at high temperatures. Also in Fig. 1 values of
Cp at room T and p, obtained from classical simulations of
several popular water models, are presented.16 Models repro-
ducing the vaporization enthalpy of water TIP3P, TIP4P
Ref. 17 yield values of about 20 cal/mol. Models that
reproduce the vaporization enthalpy only when including the
polarization term proposed by Berendsen et al.18
TIP4P/Ew,19 TIP4P/2005,9 and SPC/E Ref. 18 yield a
value of Cp of about 21.5 cal/mol. The TIP5P model yields
Cp=29 cal /mol,16 indicating an incorrect dependence of H
and  with respect to T i.e., poor predictions for Cp and for
the thermal expansion coefficient when the negative charge
is situated on the “lone pair” electrons. From this it is clear
that no model designed for classical simulations thus far is
able to reproduce the value of Cp at room T and p, and that
the inclusion of nuclear quantum effects clearly improves the
predictions of Cp for water.
To analyze whether the TIP4PQ/2005 model is also able
to capture isotopic variations in Cp Cp increases as the mass
of the hydrogen isotope increases, in Fig. 2 we present the
heat capacity for liquid H2O, D2O, and T2O, along with
experimental results for H2O and D2O.20 One can see that
the TIP4PQ/2005 model is also able to reproduce Cp for
D2O. From a comparison of classical and quantum simula-
tions of TIP4PQ/2005 water, it can be seen that nuclear
quantum effects modify the value of Cp by up to 6.5 cal/mol.
Classical simulations of TIP4P/2005 at room T and p pro-
vide Cp=21.1 cal /mol, which differs from experiment by
3.1 cal/mol rather than 6.5 cal/mol, which is the difference
between quantum and classical results of TIP4PQ/2005.
This indicates that the classical TIP4P/2005 model implicitly
incorporates some nuclear quantum effects within the values
of its parameters.
From the point of view of further improvements it is
likely that intramolecular degrees of freedom i.e., flexibil-
ity should be included in the model, since these provide a
small, but probably significant, contribution to intermolecu-
lar interactions. However, for a flexible model of water large
differences in Cp between the classical and the quantum
treatment are still expected;21 internal vibrational modes
would contribute little to Cp in a quantum treatment, whereas
they would contribute 3R in a classical treatment. The value
of 12.5 cal/mol i.e., 6.5+3R is probably an upper bound for
the difference in Cp between a classical and a quantum
treatment21 of a flexible model of water. This is due to the
existence of competing quantum effects i.e., a lower dipole
moment of water in the classical treatment as discussed re-
cently by Habershon et al.,7 which would most likely narrow
the gap between quantum and classical results.
In this note we have shown that by including nuclear
quantum effects it is possible to provide a good description
of Cp of water and ice Ih. The failure of all of the classical
models to describe the heat capacity of water clearly shows
that only a quantum treatment can quantitatively reproduce
this property. The heat capacity is indeed one of the signa-
tures of nuclear quantum effects in water.
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FIG. 2. Cp from PI simulations of the TIP4PQ/2005 model for H2O solid
line, D2O dashed line, and T2O dashed-dotted line. The dotted line
corresponds to the results obtained from classical simulations of TIP4PQ/
2005. Experimental results of Cp for H2O  and D2O  were taken from
Ref. 20.
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